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On the struture of the vauum state in general boundary quantum eld theory
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We quantize a real massive Klein-Gordon eld in urved spaetimes within the general boundary
formulation. The vauum wave funtion is given by a Gaussian in the Shrödinger representation
and we study the general struture of the operator appearing in the Gaussian. We show that it
obeys a Riati equation and we provide the general solution.
PACS numbers: 11.10.-z, 04.62.+v
I. INTRODUCTION
This paper presents a derivation of the general struture of the vauum state for the quantum theory of a massive
Klein-Gordon eld in ertain urved spaetimes
1
within the general boundary formulation (GBF) [1, 2, 3℄. The GBF
is a new way to desribe dynamial quantum elds that takes expliit aount of the (properties of the) spaetime
region where dynamis takes plae. In partiular the novelty onsists in avoiding the restrition to speial lasses of
regions and boundary hypersurfaes: in the GBF arbitrary hypersurfaes are admissible, while in Minkowski based
quantum eld theory (QFT) these hypersurfaes are usually spaelike hyperplanes. Hene within the GBF dynamis
an be onsistently studied even in situation that radially departs from the standard settings onsidered in QFT
textbooks. In partiular, examples of regions with onneted (but non-ompat) boundary as well as ompat regions
were investigated, [3, 4℄, and perturbative interating QFT was treated for suh regions in [4, 5, 6℄.
In the GBF amplitudes are assoiated with spaetime regions and Hilbert spaes with their boundaries. The
existene of one distinguished vauum state in eah of these Hilbert spaes is postulated and multipartile states are
then onstruted from this vauum state. Here we study the struture of the vauum state for a massive salar eld
in urved spaetimes and derive a general expression for it. The equation of motion, the Klein-Gordon equation, is a
partial dierential equation involving several (depending on the dimensionality of spaetime) independent variables.
We will be interested only in those situations where the solutions are obtainable by the method of separation of
variables. Although this tehnique does not have universal validity, it an be applied in most of the physially
interesting ases. We also onsider a partiular lass of boundaries: Those that an be labeled by a onstant value
of one independent oordinate. This is the ase, for example, of the standard situation in Minkowski spaetime
where the boundaries are spaelike hypersurfaes of equal time. This requirement for the boundary is ertainly a
restritive ondition, however the ases studied so far in the literature belong to this ategory. The treatment of
general boundaries will be explored elsewhere.
The paper is organized as follows. In Setion II the lassial theory of a massive Klein-Gordon eld is onsidered
and its ation in the spaetime region of interest expressed in terms of the ongurations of the eld on the boundary.
The quantization is performed in Setion III, where the path integral presription is formally implemented, and the
funtional Shrödinger representation for states is used. Setion IV ontains the main result of this work, namely
the general struture of the vauum wave funtion. The result is re-derived from a anonial treatment in Setion V.
Examples are presented in Setion VI. Finally, we onlude with a reapitulation in Setion VII.
II. CLASSICAL THEORY
Consider the free theory of a Klein-Gordon eld φ with mass m propagating on a four-dimensional spaetime with
line element given by
ds2 = gµνdx
µdxν , µ, ν = 0, 1, 2, 3. (1)
∗
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In partiular, the result presented here will be valid for globally hyperboli spatimes.
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The ation in a spaetime region M is
SM (φ) =
1
2
∫
M
d4x
√
|g| (gµν∂µφ∂νφ−m2φ2) , (2)
where the integration is extended over the region M and we use the notation ∂µ = ∂/∂x
µ
, and g ≡ det gµν . The
equation of motion is obtained by varying the ation with respet to the eld and setting the variation equal to zero,
yielding the Klein-Gordon equation (
1√
|g|∂µ
(√
|g|gµν∂ν
)
+m2
)
φ(x) = 0. (3)
The ation for a solution of the Klein-Gordon equation an be omputed performing an integration by parts in (2)
and using equation (3), yielding
SM (φ) =
1
2
∫
∂M
dΣµφ (g
µν∂νφ) , (4)
where dΣµ = d
3s
√
|g(3)|nµ, the oordinates on the boundary ∂M are s = (si), i = 1, 2, 3, g(3) is the determinant of
the indued metri on the boundary and nµ is the outward normal to ∂M .
Consider a oordinate system (t, x)2 in whih the Klein-Gordon equation (3) may be solved by the method of
separation of variables. Then the solution an be written in the form
φ(t, x) = X1,k(t)Y1(x) +X2,k(t)Y2(x), (5)
where Xi,k(t) is to be understood as an operator dened through its eigenvalues on a mode deomposition of Yi(x) on
the hypersurfae of onstant t. We onsider a spaetime region bounded by the disjoint union of two hypersurfaes,
namely ∂M = Σ ∪ Σˆ where the two hypersurfaes are dened as Σ : {t = ξ} and Σˆ : {t = ξˆ}. The boundary
ongurations of the eld are
φ(t, x)
∣∣
Σ
= ϕ(x), φ(t, x)
∣∣
Σˆ
= ϕˆ(x). (6)
We an now express the lassial solution in terms of the boundary ongurations ϕ and ϕˆ,
φ(t, x) =
δk(t, ξˆ)
δk(ξ, ξˆ)
ϕ(x) +
δk(ξ, t)
δk(ξ, ξˆ)
ϕˆ(x), (7)
where δk(ξ, ξˆ) := X1,k(ξ)X2,k(ξˆ)−X1,k(ξˆ)X2,k(ξ) is to be understood as an operator dened through its eigenvalues
on a mode deomposition of the boundary ongurations ϕ(x) on Σ and ϕˆ(x) on Σˆ. Then, in terms of these boundary
ongurations the ation for a lassial solution of the equation of motion takes the form
SM (φ) =
1
2
∫
∂M
d3x
(
ϕ ϕˆ
)
WM
(
ϕ
ϕˆ
)
, (8)
where the WM is a 2x2 matrix with elements W
(i,j)
M , (i, j = 1, 2), given by
W
(1,1)
M = −
√
|g(3)| 1
δk(ξ, ξˆ)
δ′k(t, ξˆ)
∣∣∣∣
t∈Σ
, W
(1,2)
M = −
√
|g(3)| 1
δk(ξ, ξˆ)
δ′k(ξ, t)
∣∣∣∣
t∈Σ
, (9)
W
(2,1)
M =
√
|gˆ(3)| 1
δk(ξ, ξˆ)
δ′k(t, ξˆ)
∣∣∣∣
t∈Σˆ
, W
(2,2)
M =
√
|gˆ(3)| 1
δk(ξ, ξˆ)
δ′k(ξ, t)
∣∣∣∣
t∈Σˆ
, (10)
where g(3) and gˆ(3) are the determinants of the indued metris on the hypersurfaes Σ and Σˆ respetively, and a
prime indiates the normal derivatives to these hypersurfaes.
2
We use the olletive notation x to indiate the oordinates on the hypersurfaes of onstant t.
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III. PATH INTEGRAL QUANTIZATION
The passage to the quantum theory is implemented by the Feynman path integral presription, whih is the
quantization proedure most suited for the GBF. Moreover, the quantum dynamis of the eld is desribed in the
Shrödinger representation, where the quantum states are wave funtionals on the spae of eld ongurations. Thus,
with a given spaetime hypersurfae Σ we assoiate the spae of state HΣ of wave funtions of eld ongurations on
Σ. This state spae arries the following inner produt,
〈ψΣ, ψ′Σ〉 :=
∫
DϕψΣ(ϕ)ψ′Σ(ϕ), (11)
where the integral is over all eld ongurations ϕ on the Σ. Amplitudes ρM : H∂M → C are assoiated to ertain
spaetime regions M . State spaes and amplitudes satisfy a number of onsisteny onditions, see [2℄ or [3℄.
The eld propagator assoiated with the spaetime region M with boundary ∂M = Σ ∪ Σˆ, is formally dened as
ZM (ϕ, ϕˆ) =
∫
φ|Σ=ϕ, φ|Σˆ=ϕˆ
Dφ eiSM (φ), (12)
where SM (φ) is the ation of the eld in the region M and the integration is extended over all eld ongurations
φ that redue to the boundary ongurations ϕ and ϕˆ on the boundary hypersurfaes Σ and Σˆ respetively. All
the information on the dynamial evolution of the eld between boundary ongurations ϕ and ϕˆ is enoded in the
propagator (12). In the ase of the free theory determined by the free ation (2) we an evaluate the assoiated
propagator by shifting the integration variable by a lassial solution, φ
l
, mathing the boundary ongurations in
∂M = Σ ∪ Σˆ, i.e. φ
l
|Σ = ϕ and φl|Σˆ = ϕˆ. Expliitly,
ZM (ϕ, ϕˆ) =
∫
φ|Σ=ϕ, φ|Σˆ=ϕˆ
Dφ eiSM (φ) =
∫
φ|∂M=0
Dφ eiSM (φcl+φ) = NM eiSM(φl), (13)
where the normalization fator is formally given by
NM =
∫
φ|∂M=0
Dφ eiSM (φ). (14)
IV. VACUUM STATE
In the state spae HΣ assoiate to the a hypersurfae Σ we postulate the existene of a distinguished vauum wave
funtion. As in [3, 7℄ we make for these vauum wave funtion the Gaussian ansatz
ψΣ,0(ϕ) = C exp
(
−1
2
∫
Σ
d3x
√
|g(3)|ϕ(x)(Aϕ)(x)
)
, (15)
where C is a normalization fator (it an be alulated with the inner produt (11) requiring the vauum state to
normalized) and A is an unknown operator alled the vauum operator. The vauum state is a fundamental ingredient
in the onstrution of the quantum theory. It provides the basis for generating multi-partile states: These are given
by a produt of polynomials of the eld ongurations with the vauum wave funtion. Moreover the produt of the
Gaussian wave funtion (15) with its omplex onjugate provides the measure on the spae of eld onguration
3
making the formal expression (11) well dened.
The vauum state is required to satisfy the vauum axioms of [2℄, see also [3℄. This implies in partiular that it is
invariant under free evolution, from one hypersurfae to another, say from Σ to Σˆ, implemented by the ation of the
(free) eld propagator (12). The invariane of the vauum state reads
ψΣ,0(ϕ) =
∫
Dϕˆ ψΣˆ,0(ϕˆ)ZM (ϕ, ϕˆ), (16)
3
In [8, 9℄, the analysis of the Shrödinger representation for the quantum theory of a salar eld in urved spaetimes showed that this
measure is indeed a Gaussian.
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where the integration is over all eld ongurations ϕˆ on Σˆ. This equation implies for the vauum operators A on Σ
and Aˆ on Σˆ the relation
(√
|g(3)|A− iW (1,1)M
)(√
|gˆ(3)|Aˆ+ iW (2,2)M
)
=
(
W
(1,2)
M +W
(2,1)
M
)2
4
(17)
We now onsider this equation in the ase where the two surfae Σ and Σˆ are innitesimally lose to eah other,
so that (using the notation of Setion II) we an write ξˆ ≈ ξ + dξ, with dξ ≪ 1. The next step is to onsider the
expansion of the various terms depending on Σˆ in terms of quantities depending only on Σ and dξ:
√
|gˆ(3)| ≈
√
|g|(3) +
(√
|g|(3)
)′
dξ + o(dξ), (18)
Aˆ ≈ A+A′dξ + o(dξ), (19)
W
(1,1)
M ≈
√
|g(3)|
dξ
−
√
|g(3)|(lnW)′ −
√
|g(3)|W1,2W dξ + o(dξ), (20)
W
(1,2)
M ≈ −
√
|g(3)|
dξ
+
√
|g(3)|(lnW)′ + o(dξ), (21)
W
(2,1)
M ≈ −
√
|g(3)|
dξ
−
(√
|g(3)|
)′
+
√
|g(3)| [(lnW)′]2 dξ −
√
|g(3)|W0,3W dξ + o(dξ), (22)
W
(2,2)
M ≈
√
|g(3)|
dξ
+
(√
|g(3)|
)′
−
√
|g(3)| [(lnW)′]2 dξ +
√
|g(3)|W0,3W dξ + o(dξ), (23)
where W = X1,k(ξ)X ′2,k(ξ) −X2,k(ξ)X ′1,k(ξ), W0,3 = X1,k(ξ)X ′′′2,k(ξ) −X2,k(ξ)X ′′′1,k(ξ) and W1,2 = X ′1,k(ξ)X ′′2,k(ξ) −
X ′2,k(ξ)X
′′
1,k(ξ). The substitution of the above expressions in equation (17) leads (up to order 0 in (dξ)) to the following
Riati equation
A′ + a1A
2 + a2A+ a3 = 0, (24)
where the quantities ai are given by
a1 = i, a2 = −(lnW)′, a3 = −iW1,2W −
i
4g(3)W2
([√
|g(3)|W
]′)2
. (25)
Multiplying the term
√
|g(3)|W by Y1(x)Y2(x) and integrating over the surfae Σ, leads to the inner produt on
the spae of lassial solution of the equation of motion,∫
Σ
d3x
√
|g(3)| (φ1φ′2 − φ′1φ2) , (26)
where φ1 and φ2 are two solutions of the equation of motion. This inner produt is independent of the surfae Σ. We
note that all the dependene on the surfae Σ is ontained on the term
√
|g(3)|W , and therefore we an onlude that
this term is a onstant and its derivative vanishes. Hene the Riati equation (24) results to be
A′ + iA2 − (lnW)′A− iW1,2W = 0. (27)
Writing the operator A = −iu′/u, the quantity u satises the equation
u′′ − (lnW)′u′ + W1,2W u = 0. (28)
It is straightforward to verify that any linear ombination of X1,k and X2,k solves the above equation. Hene
u = c1X1,k + c2X2,k, where ci are onstants. Therefore the general form of the vauum operator is
A = −i [ln(c1X1,k + c2X2,k)]′ . (29)
It an be veried, with simple algebra, that the above expression for the operator A satises equation (17).
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V. CANONICAL TREATMENT
In this setion we will reover the result (29) via a anonial treatment for the salar eld onsidered in the
Shrödinger representation.
The usual way to anonially quantize a eld is to impose anonial ommutation relations to the eld φ and its
onjugate momentum pi. Hene we dene the onjugate momentum to φ,
pi =
∂L
∂(nµ∂µφ)
, (30)
where L is the Lagrangian ,its expression an be read from the ation (2). Then we regard φ and pi as operators
(operator-valued distributions) and postulate anonial ommutation relations on the surfae Σ : {t = const},
[φ(x), pi(x′)]
∣∣
Σ
= iδ(x− x′), (31)
and all the other ommutators vanish. These ommutation relations an be realized by representing the operators φ
and pi, when ating on funtionals Ψ[ϕ], as
φΨ[ϕ] = ϕΨ[ϕ], piΨ[ϕ] = −i δ
δϕ
Ψ[ϕ]. (32)
Now we want to expand the eld in terms of reation and annihilation operators. To ahieve this, we hoose a basis
for whih the inner produt dened in (26) takes a simple form
(Pi, Qj) = δij , (Pi, Pj) = (Qi, Qj) = 0, (33)
where Pi and Qi are solutions of the equation of motion. In partiular they an be written as linear ombinations of
φ1 and φ2. The salar eld an then be expanded in this basis,
φ =
∫
dk
(
akPk + a
†
kQk
)
. (34)
If the parameter k turns out to be disrete, the integral must be replaed by a sum. The oeients ak and a
†
k are now
promoted to annihilation and reation operators respetively, and we postulate the following ommutation relations
[ak, a
†
j ] = δkj , (35)
in order to reprodue the relations (31). We assoiate a Hilbert spae H to the quantization surfae Σ. The vauum
state Ψ0 ∈ H is dened by the equation
akΨ0 = 0. (36)
The annihilation operator an be expressed in terms of the eld and the onjugate momentum with the inner produt
(33),
an = −(Qk, φ) =
∫
Σ
d3x
(
φ
√
|g(3)|Q′k −Qkpi
)
. (37)
The substitution of expressions (37) and (15) in equation (36) leads to the equation∫
Σ
d3x
√
|g(3)| [Q′k − iQkA]ϕ(y) = 0, (38)
whih xes the expression of A,
A = −i [lnQk]′ . (39)
This oinides with what has been found in the previous setion, namely equation (29).
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VI. EXAMPLES
As expliit examples of the result presented in the preeding setions, we will provide the expression of the vauum
wave funtion for the Klein-Gordon eld in Rindler and de Sitter spaetimes. Before dealing with the mentioned
spaetimes we notie that the salar eld in Minkowski spae has already been studied in literature, where dierent
spaetime regions with dierent boundary hypersurfaes have been onsidered. In partiular in [3℄ state spaes were
assoiated with spaelike hyperplanes, timelike hyperplanes and a timelike hyperylinder, namely a sphere in spae
extended over all of time, i.e. R× S2 (see in partiular formula (80) of [6℄), and the vauum state there dened an
be expressed aording to formula (29). Finally, for ompat irular region in two dimensional Eulidean spaetime
formula (29) provides the orret vauum state operator [4℄. Let us now onsider spaetimes dierent from the
Minkowski one.
A. Rindler spaetime
We onsider a real massive salar eld in 4 dimensional Rindler spaetime, the geometry of whih is desribed by
the metri
ds2 = ρ2dη2 − dρ2 − dy2 − dz2, −∞ < η < +∞, 0 < ρ <∞. (40)
The Klein-Gordon equation (3) in Rindler spae takes the form(
1
ρ2
∂2η −
1
ρ
∂ρρ∂ρ − ∂2y − ∂2z +m2
)
φ(η, ρ, y, z) = 0, (41)
and the general solution an be written as
φ(η, ρ, y, z) =
∫ ∞
0
dµ
∫ ∞
−∞
dqy
∫ ∞
−∞
dqz
(
fµ(ρ)e
iµηei(qyy+qzz) + fµ(ρ)e
−iµηe−i(qyy+qzz)
)
, (42)
where fµ(ρ) are given in terms of Bessel funtions,
fµ(ρ) = akIiµ(kρ) + bkKiµ(kρ), (43)
with k =
√
m2 + q2y + q
2
z . Iiµ and Kiµ are the modied Bessel funtions of the rst and seond kind respetively,
of imaginary order iµ. They represent two linearly independent solutions of the modied Bessel equation; their
Wronskian results to be [10℄,
W{Kν(z), Iν(z)} = 1
z
. (44)
Notie that both these Bessel funtions have an osillatory behavior in a neighborhood of the origin (ρ = 0), [11℄,
Iiµ(z) ≈
(z
2
)iµ
/Γ(iµ+ 1), Kiµ(z) ≈ 1
2
(z
2
)−iµ
Γ(iµ). (45)
On the other hand they behave very dierently for large values of their argument [11℄,
Iiµ(z) ≈ e
z
√
2piz
, Kiµ(z) ≈
√
pi
2z
e−z. (46)
These asymptoti behaviors allow to selet the appropriate solution depending on the spaetime region of interest.
In partiular, we will dene the vauum state for two dierent types of hypersurfaes, the hypersurfaes dened by a
onstant value of the oordinates ρ and η respetively.
1. Hypersurfae ρ = const
We will be interested in studying the eld in an innite region bounded by two hypersurfaes of onstant ρ. The
determinant of the 3-metri indued on these hypersurfaes turns out to be g(3) = ρ2, and the normal derivative is
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∂ρ. In the speied region the lassial solution may ontain both kinds of Bessel funtions beause both Iiµ and Kiµ
are regular there. Hene the lassial solution an be deomposed formally in the form
φ(η, ρ, y, z) = Iiµ(kρ)ϕI(η, y, z) +Kiµ(kρ)ϕK(η, y, z), (47)
where ϕI and ϕK are real funtions on the hypersurfae ρ = const. Iiµ(kρ) and Kiµ(kρ) are understood as operators,
dened through their eigenvalues on a Fourier deomposition of ϕI and ϕK on the hypersurfae ρ = const. Denoting
with ϕ and ϕˆ the ongurations on the boundaries of the region speied by the hypersurfaes labeled by oordinates
ρ = ξ and ρ = ξˆ, with ξˆ > ξ, respetively, we express the lassial solution (47) in terms of the boundary ongurations,
φ(η, ρ, y, z) =
δµ(kρ, kξˆ)
δµ(kξ, kξˆ)
ϕ(η, y, z) +
δµ(kξ, kρ)
δµ(kξ, kξˆ)
ϕˆ(η, y, z), (48)
where
δµ(z, zˆ) := Iiµ(z)Kiµ(zˆ)−Kiµ(z) Iiµ(zˆ), (49)
again δµ is to be understood as an operator ating on ϕ and ϕˆ. We an now express the quantities in (9-10) as
W
(1,1)
M = ξk
σµ(kξˆ, kξ)
δµ(kξ, kξˆ)
, W
(1,2)
M =W
(2,1)
M =
1
δµ(kξ, kξˆ)
, W
(2,2)
M = ξˆk
σµ(kξ, kξˆ)
δµ(kξ, kξˆ)
, (50)
where the Wronskian relation (44) has been used. The funtion σµ is to be understood as the operator dened as
σµ(zˆ, z) = Iiµ(zˆ)K
′
iµ(mz)− I ′iµ(z)Kiµ(zˆ),
where the prime here indiates a derivative with respet to z. The equation (17) that denes the vauum operator
takes the form
ξ ξˆ
(
A− ikσµ(kξˆ, kξ)
δµ(kξ, kξˆ)
)(
Aˆ+ ik
σµ(kξ, kξˆ)
δµ(kξ, kξˆ)
)
=
1
δµ(kξ, kξˆ)2
. (51)
It an be easily veried using the Wronskian relation (44) that expression (29), written in the form A =
−i∂n [ln(c1Iiµ(kz) + c2Kiµ(kz))], where ∂n denotes the normal derivative to the hypersurfae Σ of onstant ρ, solves
this equation. Finally, in order to have a well dened vauum state, we require that the argument of the exponential
(15) be bounded from below. We an selet for the onstants c1 and c2 the values -1 and 0 respetively. Hene, the
vauum state dened on Σ reads
ψΣ,0(ϕ) = C exp
(
i
2
∫
Σ
dη dy dz ρ k ϕ(η, y, z)
I ′iµ(kρ)
Iiµ(kρ)
ϕ(η, y, z)
)
. (52)
2. Hypersurfae η = const
We dene in this setion the vauum state on hypersurfaes of onstant η. Then we onsider the spaetime region
M bounded by two hypersurfaes Σ := {η = ξ} and Σˆ := {η = ξˆ}. The determinant of the 3-metri indued on these
hypersurfaes turns out to be 1, and the normal derivative is (1/ρ)∂η. In the speied region the lassial solution of
the Klein-Gordon equation an be formally written as
φ(η, ρ, y, z) = e−iµη ϕ+(ρ, y, z) + eiµη ϕ−(ρ, y, z), (53)
where µ is understood as the operator of the form µ =
√
−ρ∂ρρ∂ρ − ρ2(∂2y + ∂2z −m2). Denoting the boundary
ongurations by ϕ on Σ and by ϕˆ on Σˆ, we an expand the lassial solution in terms of these ongurations,
φ(η, ρ, y, z) =
sin(µ(ξˆ − η))
sin(µ(ξˆ − ξ))
ϕ(ρ, y, z) +
sin(µ(η − ξ))
sin(µ(ξˆ − ξ))
ϕˆ(ρ, y, z), (54)
where the frations are understood as operators. We obtain for the quantities (9-10) the expressions,
W
(1,1)
M =W
(2,2)
M =
µ
ρ
cos(µ(ξˆ − ξ))
sin(µ(ξˆ − ξ)) , W
(1,2)
M =W
(2,1)
M = −
µ
ρ
1
sin(µ(ξˆ − ξ)) , (55)
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and equation (17) reads(
A− iµ
ρ
cos(µ(ξˆ − ξ))
sin(µ(ξˆ − ξ))
)(
Aˆ+ i
µ
ρ
cos(µ(ξˆ − ξ))
sin(µ(ξˆ − ξ))
)
=
µ2
ρ2
1
sin2(µ(ξˆ − ξ)) . (56)
The solution oinides with expression (29), in the form A = −i∂n
[
ln
(
c1e
iµz + c2e
−iµz
)]
, with ∂n indiating the
normal derivative to the hypersurfae of onstant η. An appropriate hoie for the oeients c1 and c2 in order to
dene the vauum state is c1 = 1 and c2 = 0. Hene we arrive at the expression of the vauum state of an hypersurfae
of onstant η,
ψΣ,0(ϕ) = C exp
(
−1
2
∫
Σ
dρ dy dz
ρ
ϕ(ρ, y, z)µϕ(ρ, y, z)
)
. (57)
B. de Sitter spaetime
We use the oordinate system in whih the de Sitter metri has the form (t>0),
ds2 =
R2
t2
(
dt2 − (dx)2 − (dy)2 − (dz)2) , (58)
=
R2
t2
(
dt2 − (dx)2) . (59)
The Klein-Gordon equation (3) in de Sitter spae,[
t2
R2
(
∂2t − ∂2x − ∂2y − ∂2z
)− 2t
R2
∂t +m
2
]
φ(t, x) = 0, (60)
has the following general solution,
φ(t, x) =
∫
d3k
(2pi)3/2
(
vk(t) e
ik·x + vk(t) e
−ik·x
)
, (61)
where
vk(t) = t
3/2 (c1,kJν(kt) + c2,kYν(kt)) , (62)
where k = |k|, and Jν(z) and Yν(z) are the Bessel funtions of the rst and seond kind respetively, with index
ν =
√
9
4 − (mR)2. We onsider a spaetime region bounded by two hypersurfaes of onstant t, namely Σ := {t = ξ}
and Σˆ := {t = ξˆ}, and assume ξˆ > ξ. The 3-metri indued on the hypersurfae of onstant t orresponds to the
spatial part of the metri (58), and its determinant is g(3) = (R/t)6. The normal derivative to this hypersurfae
results to be (t/R)∂t.
As in the preeeding setions the eld ongurations on the boundary are indiated by ϕ and ϕˆ on Σ and Σˆ
respetively. Treating the Bessel funtions as operators, we an express the lassial solution of the Klein-Gordon
equation in terms of the boundary ongurations as
φ(t, x) =
δ(kt, kξˆ)
δ(kξ, kξˆ)
ϕ(x) +
δ(kξ, kt)
δ(kξ, kξˆ)
ϕˆ(x), (63)
where
δ(kz, kzˆ) := z3/2 zˆ3/2 [Jν(kz)Yν(kzˆ)− Yν(kz)Jν(kzˆ)] . (64)
Then the quantities in (9-10) read
W
(1,1)
M = −
R2
ξ2
(
3
2
1
ξ
+ k
J ′ν(kξ)Yν(kξˆ)− Y ′ν(kξ)Jν(kξˆ)
Jν(kξ)Yν(kξˆ)− Yν(kξ)Jν(kξˆ)
)
,
W
(1,2)
M = W
(2,1)
M = −
2R2
piδ(kξ, kξˆ)
,
W
(2,2)
M =
R2
ξˆ2
(
3
2
1
ξˆ
+ k
Jν(kξ)Y
′
ν (kξˆ)− Yν(kξ)J ′ν(kξˆ)
Jν(kξ)Yν(kξˆ)− Yν(kξ)Jν(kξˆ)
)
, (65)
D. Colosi  Notes, Vauum state in the GBF-QFT  November 23, 2018 V2 9
where the prime denotes the derivative with respet to the argument. Substituting these quantities in expression (17)
we obtain [
R3
ξ3 A+ i
R2
ξ2
(
3
2
1
ξ + k
J′ν(kξ) Yν(kξˆ)−Y
′
ν(kξ) Jν(kξˆ)
Jν(kξ) Yν(kξˆ)−Yν(kξ) Jν(kξˆ)
)] [
R3
ξˆ3
Aˆ+ iR
2
ξˆ2
(
3
2
1
ξˆ
+ k
Jν(kξ) Y
′
ν(kξˆ)−Yν(kξ) J
′
ν(kξˆ)
Jν(kξ) Yν(kξˆ)−Yν(kξ) Jν(kξˆ)
)]
= 4R
4
pi2δ2(kξ,kξˆ)
. (66)
With expression (29) written as A = −i∂n
[
ln(z3/2(c1Jν(kz) + c2Yν(kz)))
]
and using the Wronskian between the
Bessel funtions, W (Jν(z), Yν(z)) = 2/(piz), we an redue the above equation to an identity. Hene the vauum
operator solution to (17) is (29). Again, we selet a spei linear ombination of Bessel funtions in order to have
a well dened vauum state, in partiular we hoose c1 = 1 and c2 = i. Then, the vauum state dened on an
hypersurfaes Σ of onstant t takes the form
ψΣ,0(ϕ) = C exp
(
i
2
∫
Σ
d3x
R2
t2
ϕ(x)
[
k
H ′ν(kt)
Hν(kt)
+
3
2t
]
ϕ(x)
)
. (67)
VII. SUMMARY
The aim of this paper was to present an analysis of the general struture of the vauum wave funtion for a quantum
Klein-Gordon eld in urved spaetime within the GBF. We have implemented a path integral quantization of the
eld and studied the free evolution of the vauum state between innitesimally lose hypersurfaes. This allows us to
show that the vauum operator, i.e. the operator appearing in the Gaussian of the vauum wave funtion, obeys a
Riati equation, and we provided the general solution. This result has been subsequently reovered from a anonial
treatment of the quantum eld.
The examples presented in the last setion not only provide a onrmation of the result obtained but also repre-
sent the rst appliation of the general boundary formulation for quantum eld theory in spaetimes dierent from
Minkowski or Eulidean spaetimes. Apart from the relevane for the GBF program in general, the present result
ontributes also to the onstrution of the Shrödinger representation for quantum elds on urved spaetimes. Suh
representation has reeived attention (see in partiular [8, 9℄ and referenes therein) motivated by its appliation to
anonial quantum gravity, as well as to some symmetry redued gravitational systems, suh as the Gowdy T 3 model
[12℄.
Finally, we notie that our treatment is based on a spei assumption for the hypersurfaes on whih the vauum
state has been onstruted: We limit our analysis to onstant oordinate hypersurfaes and evolution from one suh
hypersurfae to another. The next step will be to onsider hypersurfaes of arbitrary shape as well as evolution
implemented by arbitrary loal deformations of the hypersurfaes.
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